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Abstract
In computational fluid dynamics, incoming velocity at open boundaries, or <em>backflow,</em>
often yields to unphysical instabilities already for moderate Reynolds numbers. Several treatments
to overcome these backflow instabilities have been proposed in the literature. However, these ap-
proaches have not yet been compared in detail in terms of accuracy in different physiological
regimes, in particular due to the difficulty to generate stable reference solutions apart from ana-
lytical forms. In this work, we present a set of benchmark problems in order to compare different
methods in different backflow regimes (with a full reversal flow and with propagating vortices after a
stenosis). The examples are implemented in FreeFem++ and the source code is openly available,
making them a solid basis for future method developments.
1 Introduction
In computational fluid dynamics, open boundaries denote the boundaries where the velocity is not pre-
scribed, using a natural boundary condition instead. These boundary conditions are very relevant in phys-
iological flow simulations, e.g., when modeling the cardiovascular and the respiratory systems, where
accurate velocity data are rarely available on all boundaries and/or only pressures and averaged flow
quantities may be measured or computed via a reduced model of the rest of the system. Moreover, the
need of setting the right boundary condition on open boundaries becomes more important when the
computational domains are obtained truncating the geometry in order to reduce the computational cost
by focusing the analysis on a region of interest, see examples in Figure 1.
Figure 1: Illustration of the truncation of the computational domain (colored) from the originally segmented
medical image (grey). Left: Aorta. Right: Airways.
Due to the periodicity of the physiology in the cardiovascular and respiratory systems, depending on the
physical regime and on the considered geometry, flow reversal might appear at open boundaries. This
situation is known in the literature as backflow and one may distinguish between two patterns:
1 Full backflow, i.e., when the flow enters the computational domain at each point of the open bound-
ary. In blood flow, this situation can be encountered for example in the vessels branching from the
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aorta in diastole. In respiratory flow, flow rate reverses between inspiration and expiration.
2 Local backflow, i.e. when flow re-circulates through the open boundary due to the propagation of
vortex shedding, as it might be the case when the computational domain contains curved tubes or
stenoses (reduction of cross sectional area).
From the point of view of the analysis, general well posedness results are rarely available for the in-
compressible Navier-Stokes Equations in presence of reversed flow at the open boundaries. This is
consistent with the fact that, in numerical practice, it is well known that numerical simulations might suffer
of instabilities when backflow appears.
Up to date, several proposals to overcome this issue have appeared in the literature (see Section 3),
mainly consisting in modifying the natural boundary conditions in order to enhance the overall stability.
However, to our best knowledge, the different backflow treatments have neither yet been compared in
detail in terms of accuracy (i.e., with respect to a reference solution) nor considering different physio-
logical regimes and the different backflow patterns described above. To some extent, this is also due to
the difficulty of generating stable reference solutions with arbitrary backflow. Hence, the main goal of this
work is to formulate a set of benchmark problems, relevant for both physiological blood and respiratory
flow regimes, and to assess the performance of several backflow stabilization methods.
Benchmark problems are important tools for evaluation of numerical schemes with respect to accuracy
and efficiency. For the numerical simulation of incompressible fluids via Navier-Stokes Equations, well
established benchmarks have been proposed, such as the “Flow around a cylinder"[34], the “Driven-
cavity problemsïn 2D [20] and 3D [9, 24] or the “Thermally-driven Flows at Low Mach Number"[27].
However, until now benchmark problems in fluid mechanics with the focus on appropriate open boundary
treatment, i.e. on boundary conditions which are not of Dirichlet-type are still missing. Therefore this
work represents an important contribution for the field of computational fluid dynamics, also beyond
the simulation of physiological flows. In order to construct relevant examples of numerical simulations
affected by backflow instabilities, and, at the same time, to limit the computational complexity of the
numerical study, we propose two benchmark setups in 2D. Note that good agreements between 2D and
3D test-cases related to the treatment of backflow instabilities have been already reported, e.g., in [7].
Firstly, we consider a reverse flow in a channel, for which the reference solution is generated by solving
the incompressible Navier-Stokes Equations using a Dirichlet boundary condition for the inflow boundary.
Then, the benchmark problem is based on the same domain but imposing a Neumann boundary condition
on the inflow boundary, computed from the reference velocity and pressure solutions.
Secondly, we consider a channel with a stenosis, in which a vortex shedding arises, producing recircu-
lation regions at the open boundary. In this case, a reference solution is generated considering a long
channel so that multiple vortices propagate downstream before reaching the open boundary. Then, the
benchmark problem is defined considering a shorter channel and imposing on the open boundary a
natural boundary condition based on the traction computed for the longer geometry.
In this manuscript, we focus on finite element methods for solving the benchmark problems, as it has been
used to discretize all the considered backflow stabilization methods. However, it is worth noticing that the
proposed benchmarking procedures are independent of the adopted spatio-temporal discretization, since
they are defined at the continuous level.
The rest of the paper is organized as follows. In Section 2 we describe the natural boundary conditions
and derive the source of energy instabilities. In Section 3 the backflow stabilization methods are reviewed.
The benchmarks and the numerical results are presented in Sections 4 and 5, discussing the outcome
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in Section 6.
2 Incompressible Navier-Stokes with open boundaries
Let us consider an incompressible, Newtonian fluid in a bounded domain Ω ⊂ Rd, d = 2, modeled
through the Navier-Stokes Equations in convective form for the velocityu(t) : Ω→ Rd and the pressure
p(t) : Ω→ R: {
ρ∂tu+ ρ(u ·∇)u− µ∆u+ ∇p = 0 in Ω,
∇ · u = 0 in Ω
(1)
where ρ stands for the density and µ denotes the dynamic viscosity. Moreover, we consider homoge-
neous initial condition u(0,x) = 0, ∀x ∈ Ω. At this point, we observe that the methods for handling
backflow at open boundaries can be defined independently of the chosen formulation of the viscous term
(either using the strain rate tensor or the Laplacian). In the rest of the paper, we will focus on the Lapla-
cian formulation. However, additional numerical tests using the strain rate tensor have been performed,
yielding analogous conclusions.
In order to define the boundary conditions, we subdivide the boundary as ∂Ω = ΓD ∪ ΓN . Then, the
Dirichlet boundary conditions are defined as
u = uD on ΓD (2)
where uD is a given velocity data, and the natural (or Neumann) boundary conditions are defined as
(µ∇u− p1)n = gN on ΓN (3)
(where 1 denotes the d-dimensional identity matrix). The set ΓN is usually denoted in the literature as
open boundary.
As next, let us denote with (·, ·)X the usual scalar product in the Hilbert space of Lebesgue integrable
functions L2(X), for an open set X ⊂ Rd, being ‖ · ‖0,X the associated norm. Furthermore, we use
the standard notationH1(Ω) for the Sobolev space with weak (first) derivatives in L2(Ω) and define the
space
H10 (Ω) = {v ∈ H1(Ω) | v|ΓD = 0}.
Then, the weak formulation of Problem (1) reads: For all 0 < t ≤ T , find u(t) ∈ H1(Ω), satisfying the
Dirichlet boundary condition (2), and p(t) ∈ L2(Ω), such that{
A(u,v)− B(p,v) = (gN ,v)ΓN ,
B(q,u) = 0
(4)
for all v ∈ H10 (Ω) and q ∈ L2(Ω), with the common definitions of the variational forms:
A(u,v) := ρ (∂tu,v)Ω + ρ ((u ·∇)u,v)Ω + µ (∇u,∇v)Ω +
ρ
2
((∇ · u)u,v)Ω ,
B(p,v) := (p,∇ · v)Ω ,
(5)
where the last integral inA(u,v) corresponds to the strongly consistent Temam stabilization [36], used
for improving the energy balance at the space-semidiscrete level, since the divergence-free condition
holds in general only in a weak sense. Note that using the conservative form of the advection term, the
Temam term to be included has the same form, but with opposite sign.
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Testing the formulation (4) with (v, q) = (u, p) and using standard arguments, one obtains the following
energy balance in the non-forced case (uD = gN = 0)
d
dt












‖u‖20,Ω , DΩ(t) := µ‖∇u‖20,Ω
denote the kinetic energy and the viscous dissipation of the fluid, respectively.
In particular, in presence of backflow across a subset of ΓN (i.e., when u · n < 0), the last term in the
right-hand-side of (6) leads to an incoming energy, and can in general not be compensated by the viscous
dissipation term. Thus, a stable energy balance cannot be guaranteed. In practice, these instabilities
might yield unphysical oscillations that affect the feasibility and reliability of the numerical simulations,
already for moderate Reynolds numbers. Tackling this issue is crucial for the numerical simulation of
physiological flows, such as blood flow in large arteries and air flow in the respiratory tract.
It is worth mentioning that the stability issues in presence of backflow pointed out in (6) do not depend on
the particular formulation of the advection term in the Navier–Stokes equations: for both the convective
form (u ·∇)u and the conservative form∇·(u⊗u), if the Neumann boundary condition (3) is imposed,
the same boundary term ρ/2(|u|2,u · n) arises.
3 An overview of backflow treatments
In what follows, we will consider the following stabilized version of the weak formulation (4): For all 0 <
t ≤ T , find u(t) ∈ H1(Ω), satisfying the Dirichlet boundary conditions (2), and p(t) ∈ L2(Ω), such
that {
A(u,v)− B(p,v) + SΓN (u,v) = (gN ,v)ΓN ,
B(q,u) = 0
(7)
for all v ∈ H10 (Ω) and q ∈ L2(Ω), where SΓN (u,v) denotes a stabilization term accounting for
backflow instabilities across the boundary ΓN . In particular, in the following parts of the section we will
overview several forms of S(u,v) that have been proposed in the literature. Moreover, a subsection will
be dedicated also to a brief introduction to the so-called method of characteristics, which is based on the
discretization of the total time derivative, without additional stabilization terms.
3.1 Velocity-penalization methods
The first class of stabilization terms, considered in this paper, is based on a modification of the Neumann
boundary condition (3) as
(µ∇u− p1)n− βρ
2
f(u) = gN on ΓN , (8)
where β > 0 is considered a free parameter. In the context of Galerkin methods, Equation (8) leads to
stabilization terms of the form S(u,v) = β ρ2(f(u),v)ΓN . In what follows, the different forms reported
for f(u) in the literature will be reviewed in a chronological order.
To the authors best knowledge, the first proposal appeared in [5], with the definition
f(u) = |u|2n . (9)
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Note that this results in a stabilization term on ΓN which is different from zero also in the case of pure
outflow, i.e. for u · n ≥ 0 on entire ΓN . In [23] was shown that this choice yields stable but unphysical
solutions when the term (ρ/2)|u|2n is comparable with gN . Boundary conditions including the |u|2-
term have been applied only during backflow in the context of other methods [16, 17, 33]. More details will
be provided at the end of this section (see, e.g., Equation (13)). However, it is worth noticing that, in order
to guarantee overall energy stability, this term shall be discretized fully implicitly in time (for example, if
combined with semi-implicit discretization of the convective term).
Subsequently, a whole family of boundary conditions in the form (8) was introduced in [14, 15], defining
f(u) =
(
α0|(u− (1− 2α1)u0) · n|+ − (u− (1− 2α1)u0) · n
)
(u− u0) + . . .(




for a given velocity profile u0 : ΓN → R2 and given parameters α0 ≥ 0, α1, α2, α3 ∈ R, and where
| · |+ denotes the positive part. Existence and uniqueness of weak solutions of the stabilized Navier-
Stokes problem were proven for β ≥ 1.0. Moreover, in this original version, it was proposed to choose
u0 as the solution of a stationary Stokes flow satisfying the same boundary conditions.
In the remaining part of this study, we will not include this approach within the benchmarked methods, due
to the difficulty, in practice, of choosing α0, α1, α2, α3. For the sake of completeness, it must be also
mentioned that in the original publications [14, 15], the numerical analysis was based on a symmetric
formulation for the stress tensor.
The choices α0 = 1, α1 = 1/2, α2 = α3 = 1 in Equation (10) lead to the modified boundary condition
f(u) = |u · n|−(u− u0) , (11)
where |u · n|− denotes the negative part of the normal velocity. Hence, (11) results in a stabilization
term active only during backflow. In the last years, different variants of (11) have been proposed in the
literature in the context of physiological flows, all of them independently from the original work [14]. In
particular, the choice u0 = 0 has been widely employed in both hemodynamics [2, 4, 18, 32] and
respiratory regimes [28, 29]. While β ≥ 1 assures energy stability, the numerical results of [18] showed
that decreasing the value of the parameter up to β = 0.4 still yields stable solutions in the case of blood
flow, thus suggesting that the lack of stability (and hence the magnitude of the required stabilization)
depends on the considered flow regime.
For the boundary condition in the form (11), the existence of weak solutions was shown for u0 = 0 and
β ≥ 1 in combination with the non-symmetric formulation for the stress tensor in [13] and investigated
for non-homogeneous fluids in [11]. A uniqueness result in the case of small data for β ≥ 1 can be found
in [12]. It is worth mentioning that, for sufficiently small data, the analysis of [3] stated the existence of
regular solution of (1) in presence of open boundaries and without stabilization. These results confirms,
to some extent, the observation of [18] on the possibility of decreasing the stabilization parameter β
under certain flow conditions.
A further variant was proposed in [32], where u0 was taken as a plug profile for a given flow rate at the
inlet of the ascending aorta.
A slightly different Neumann boundary condition was recently proposed in [21, 25], using
f(u) =
{
0 for u · n ≥ 0,
|u · n|−u− |u0 · n|−u0 for u · n < 0,
(12)
and β = 2.0 which combines the features of both aforementioned schemes: it is only active during back-
flow (as in (11)) and both u and u0 terms are uncoupled (as in (9)). In particular, in [21] u0 was chosen
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as a parabolic profile whose magnitude was modulated by a given flow rate, in the context of respiratory
mechanics. Then in [25], u0 was computed dynamically as a superposition of Womersley modes in or-
der to obtain for u0 a more suitable approximation of the flow in the transient case, showing numerical
examples for both blood and respiratory flows. In this case, the profile u0 might result complicated to im-
plement in general situations, in particular on a boundary of arbitrary shape where no analytical solution
is available. Therefore, in the numerical studies here we will consider a generalization of this approach
by defining u0 as the solution to a Stokes problem on the same domain Ω and with the same boundary
conditions than the Navier-Stokes problem of interest, as it was proposed in [14, 15] for the stabilization
term in Equation (10). Notice that, in the case of a Womersley flow, this is equivalent to the method of
[25].
A further approach which fits in the framework of velocity penalization method is the convective-like
stabilization recently introduced in [33]. In this case, an inertia term is included in the Neumann boundary




+ (µ∇u− p1)n− β ρ
2
f(u) = gN on ΓN , (13)
with
f(u) = Θδ (u · n)
(
|u|2n+ (u · n)u
)
. (14)
In (14), Θδ(x) = 0.5(1−tanh(x/δ)), for δ ≥ 0 is a smooth approximation of a | sgn(x)|− (taking value
1 for negative x, and value 0 otherwise), and D0 is a free parameter. In particular, in [33] it is suggested





, where Uc stands for the magnitude of the convective velocity, taking also
β = 1. For the sake of completeness, we also mention the case D0 = 0 had been previously proposed
in [16, 17]. Moreover, notice also that, for small δ, (13) reduces to a linear combination of (11) and (9)
(setting u0 = 0), what would ensure energy stability if β =
1
2 . However, in [33] β = 1 was used. For
the sake of completeness, both the choices β = 12 and β = 1 will be considered for the numerical tests.
Remark 1. In [33] it was observed that the parameter D0 has only very little influence on the numerical
results. This behavior was confirmed by our numerical experiments (results mostly omitted). Therefore,
in the sections dedicated to the numerical studies (Sections 4 and 5) we will only report the results
concerning the case D0 = 0.
3.2 Velocity gradient penalization methods
An alternative strategy, based on the penalization of the tangential derivatives of the velocity at the open
boundary, was recently proposed in [7]. In contrast to the previous mentioned boundary conditions, the
tangential derivative regularization can only be formulated in a variational form, e.g. in the form (7).















where γ is a stabilization parameter to be chosen, and the vectors t1, td−1 stand for the tangential
directions to ΓN . The stabilization term does not require any assumption on the boundary velocity profile.
Concerning the choice of the stabilization parameter, it was shown in [7] that energy stability can be
ensured if γ is larger than the squared Poincaré constant of the domain ΓN . However, all reported
numerical results showed that the stabilization parameter can be reduced with the element mesh size.
In fact, in [7] it was suggested that the backflow instabilities of the highest frequencies of the discrete
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solution can be stabilized by choosing γ = h
2
3 , where h denotes the mesh characteristic size. In view of






considering then different choices of γ0.
Finally, an extension of (15) proposed in [8] is based on the stabilization term
SΓN (u,v) = le
∫
ΓN








ψ(tj , ti;u,v) (17)
ψ(s1, s2;u,v) := (s
ᵀ
1∇(v · s2))
ᵀ (sᵀ1∇(u · s2))





Ub being the peak backflow velocity on the open boundary at the previous time step and σ standing for
a free stabilization parameter [8]. The function a(t) in (16) plays the role of an approximated boundary
pressure gradient that can be computed explicitly during the simulation by mean of the simple lumped
parameter model
a(t) = −LQ̇(t)− rQ(t),
where Q(t) denotes the flow rate, L = ρ/|ΓN | and r is an approximate resistance updated as detailed
in [8, Equation (16)]. The resulting formulation at the outlet is weakly consistent with a Stokes flow along
the normal direction driven by a pressure gradient a(t). As in the case of the tangential regularization,
numerical results showed that the parameter σ can be reduced with the mesh size [8]. As suggested in





where h denotes the mesh characteristic size.
In what follows, we will refer to (16) as the Stokes-residual stabilization.
3.3 Method of characteristics
The method of characteristics, introduced in [30] and also known as Characteristic - Galerkin [31], has
been recently tested for the numerical treatment of open boundaries in presence of backflow [19]. The
satisfactory results reported by [19] motivate a more detailed study, and therefore this approach will be
taken into account in the context of this benchmark study.
The method is based on the idea of treating the convection term within a time discretization of a total
derivative along the characteristic curves, i.e.,
∂tu(γ(t), t) + u(γ(t), t) · ∇u(γ(t), t) =
d
dt
u(γ(t), t) , (19)
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where the curve γ(t) satisfies γ̇(t) = u(γ(t), t).
In order to briefly introduce the method, let n denote a given time step, and let us consider the ordinary




(τ) = u(Xnx(τ), τ), τ ∈ [tn, tn+1]
Xnx(t
n+1) = x .
(20)
In particular, the point Xnx(t
n) is denoted as the foot of the characteristic.
Hence, for a given x ∈ Ω, using the above definition of Xnx(τ) equation (19) can be discretized using a
first-order approximation as
∂tu(x, t







, tn+1)− u(Xnx(tn), tn)
 (21)
(see, e.g, [10] for schemes based on a higher-order time discretization) .
Notice that, in general, (20) might not be well defined if, for some τ ∈ [tn, tn+1], Xnx(τ) lies outside of
Ω. In particular, this is the case of backflow boundaries, where u(x) ·n < 0, for some x ∈ ∂Ω. In order
to overcome this issue, the approximation (21) is modified replacing the foot of the characteristicXnx(t
n)








τ ∈ [tn, tn+1]|Xnx(τ) ∈ Ω
}
. (22)
Notice that, by construction, X̂n(x) ∈ Ω, for all x ∈ Ω. Then, the term Xnx(tn) in (21) is replaced by
X̂n(x).
The characteristic method for the Navier–Stokes Equations can be formulated as the solution of the
following time-semidiscrete problem at each time step tn+1: Findun+1 ∈ H1(Ω), satisfying the Dirichlet
boundary conditions (1)3, and p





























+ (gN ,v)ΓN (23)
for all v ∈ H1(Ω), zero on (1)3 and all q ∈ L2(Ω).
The main advantage of the method of characteristics is that the Navier–Stokes Equations are reduced to
a linear (Stokes) system, for which the finite element matrix can be assembled only once. However, the
price to pay is that the method requires, at each step, multiple integrations of the characteristic (20) (e.g.,
at each Gauss point required for numerical integration). This step might be computationally expensive,
depending also on the properties of the velocity field that may require a high order time integration or a
smaller time step.
To the best of our knowledge, there are no results ensuring general stability for this method. In particular,
in the energy-based stability analysis reported in [35] showed that for the method of characteristics it
holds an energy balance analogous to (6), including the destabilizing backflow term, up to higher order
terms in δt. However, whether these additional terms may have a stabilizing effects is still unclear.
1 In Freefem++ the computation of the foot of the characteristics is implemented for two-dimensional and for three-
dimensional problems via the operator convect (the C++ code is freely available).
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3.4 Other strategies for backflow treatment
For the sake of completeness, it has to be mentioned that other approaches to avoid backflow instabilities
have been proposed, based on constraints of the velocity profile on the open boundary. In particular, a
first method [26] imposes a given velocity profile (dynamically scaled by the flow rate) through Lagrange
multipliers. However, its implementation might result particularly intrusive, and, at the same time, it shifts
the local velocity instability issues to the global equilibria of fluxes.
A second approach enforces the velocity to be normal to the boundary (see, e.g., [6, 18]) and it is often
used in simulation practice, as it can be implemented adding simply a penalization term at the weak
level. However, in view of (6), it does not guarantee energy stability, as it does not remove the issue of
the uncontrolled incoming energy due to the (normal) incoming velocity. Nevertheless, in practice (i.e.,
at the discrete level), enforcing zero tangential velocity might reduce, or delay, the arise of instabilities,
and hence be effective for low backflow regimes. It was shown in [18] that these two approaches may not
deliver satisfactory results in terms of stability and accuracy in hemodynamics relevant regimes.
A further method, recently proposed in [2], consists in plug a 3D extension to the boundary where the
Navier-Stokes Equations are modified with resistive and compressibility terms to obtain an equivalent
energy balance to a standard coupling with a 3-element Windkessel model, and therefore it is suited for
biofluid multiscale simulations. However, the imposition of general Neumann boundary conditions is not
straightforward, and therefore this method was not considered here.
The interested reader is also referred to [19] for a recent review of algorithmic and theoretical aspects
of the treatement of boundary conditions and backflow, where the velocity penalization stabilizations and
the total pressure formulations are discussed, as well as the treatment of the advection and viscous
terms.
3.5 Summary of considered methods
When presenting the numerical results, the methods overviewed above will be denoted as follows:
1 VEL(u0, β): Stabilization term obtained using the boundary condition (8) for a given β and with
f(u) in the form of (12). We will consider the correcting velocity u0 = 0 and u0 = uS (the
solution to a Stokes problem with the same Dirichlet and Neumann boundary conditions of the
target Navier-Stokes problem), together with different values of the parameter β. In particular, we
will test the method with β=0.1, 0.2, 0.5, 1.0 (that guarantees unconditional stability), 2.0 (used in
[21]);
2 VEL-PRESS (β): Stabilization (13) for a given β with parameter D0 = 0 (see Remark 1). In the
numerical tests, β = 1.0 and β = 0.5 will be considered;
3 TANGENTIAL REG(γ0): Stabilization term (15) [7]. We will consider the values γ0 = 0.1, 0.2, 0.5,
1.0 (recommended in [7]), 2.0; moreover, with TANGENTIAL REG(P) we will denote the method
defined taking γ equal to the squared Poincaré constant of the open boundary (that assures
unconditional stability);
4 STOKES-RESIDUAL(σ0): Stabilization term (16) [8]. As for the tangential regularization, we will
consider the values σ0 = 0.1, 0.2, 0.5, 1.0, 2.0; moreover, with STOKES-RESIDUAL(P) we will
denote the method defined taking σ equal to the squared Poincaré constant of the open boundary
(that assures unconditional stability);
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5 CHARACTERISTICS: methods of characteristics of first order (i.e., Problem (23)).
4 Benchmark 1: Reversed flow in a straight channel
The first example consists of a time-dependent reverse flow in a channel with an asymmetric inflow. The
goal of this test case is to assess the performance of the backflow stabilization treatments in situations of
large backflow, without necessarily the presence of vortices, as it can be encountered in the blood flows
and airway portions branching from the main vessel.
It is worth noticing that the so-called Womersley flow (a channel flow with an oscillating unidirectional
pressure drop), for which an analytical solution is available, is close to this setting. However, due to
symmetry reasons, the convection term for a Womersley flow vanishes, so that the Navier-Stokes and the
(linear) Stokes Equation admits the same solution. For this reason, this test is not suited for a benchmark
study, as the stabilization methods based on Stokes solutions (VEL(uS , β) and STOKES-RES(σ0)), by
construction, would deliver better results. However, it is worth noticing that a benchmark based on a
Womersley flow may be useful for validating the implementation of the different backflow stabilization
methods, since, depending on the discretization, spurious convection effects appear, which might yield
to backflow instabilities. For the interested reader, we refer to [7, 8, 21, 25] for numerical examples
considering Womersley flows.
4.1 Benchmark setting
We construct a channel flow using an inflow boundary condition obtained asymmetrizing a Womersley
solution. In particular, We consider a two-dimensional square Ω = [0, L]2 with Γin = {(x, y) ∈ Ω |
y = 0}, Γ0 = {(x, y) ∈ Ω | x = {0, L}} and Γout = {(x, y) ∈ Ω | y = L}, with L = 1 cm.
As next, we consider a Womersley profile




with K = 19 and
dk =
4∆P













Ψk(t) = (2k + 1)
2σπ2 sin(ωt)− ω cos(ωt) + ω exp−(2k+1)2σπ2t .
The profile (24) depends on the peak pressure drop per length ∆P , the frequency ω, the density ρ and
the viscosity µ. These physical parameters are chosen in order to represent typical blood or air regimes,
see Sections 4.4 and 4.5 for more details.
Then, in order to break the symmetry of the Womersley flow, and hence to obtain non-vanishing convec-
tive effects, we define a reference problem on Ω imposing on Γin the asymmetric Dirichlet data
uD = (0, v(x, t)), v(x, t) =
3
2
x0.7W (x, t). (25)
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We consider then the Navier-Stokes Problem (1) with boundary conditions
uref = uD on Γin,
uref = 0 on Γ0,
(µ∇uref − pref1)n = 0 on Γout.
(26)
which can be solved without the need of backflow stabilization, since at the inflow boundary a Dirichlet
boundary condition is imposed, while on the open boundary no reverse flow appear in the simulated time
window. In what follows, we will denote the corresponding solution (uref , pref) as the reference solution.
As next, let (uback, pback) be the solution of a second problem, obtained imposing a no-slip boundary
condition on Γ0, a homogeneous Neumann boundary condition on Γout, and a Neumann boundary
condition consistent with the reference solution on Γin, i.e.
(µ∇uback − pback1)n = (µ∇uref − pref1)n on Γin,
uback = 0 on Γ0,
(µ∇uback − pback1)n = 0 on Γout,
(27)
Due to the application of the Neumann condition (27)1 on the inflow boundary, the solution (uback, pback)
becomes quickly unstable in the numerical simulations, hence requiring an ad hoc treatment of the open
boundary. Hence, in order to investigate the performances of stabilization methods, we monitore the
differences between the numerical solutions (uref , pref) (without stabilization) and (uback, pback) (with
backflow stabilization).
This benchmark consists then of the following two steps:
 Solve the reference problem: Find uref(t) ∈ H1(Ω), satisfying the Dirichlet boundary conditions
(26)1−2, pref(t) ∈ L2(Ω), for all 0 < t ≤ T , such that{
A(uref ,v)− B(pref ,v) = 0 ,
B(q,uref) = 0
(28)
for all v ∈ H10 (Ω) and q ∈ L2(Ω).
 Solve the stabilized problem: Find uback(t) ∈ H1(Ω), satisfying the Dirichlet boundary condition
(27)2, pback(t) ∈ L2(Ω), for all 0 < t ≤ T , such that{
A(uback,v)− B(pback,v) + SΓin(uback,v) = (µ∂nuref − prefn,v)Γin ,
B(q,uback) = 0
(29)
for all v ∈ H10 (Ω) and q ∈ L2(Ω). Note that the stabilization methods detailed in Section 3.5 are
applied only on Γin.
It is worth mentioning that the locally resolved Neumann load used in (29) is required in order to test the
accuracy of the different methods against a true reference solution and to avoid introducing additional
errors due to, e.g., load averaging.
Within this study, we will also investigate the effect of imposing an additional constraint on the boundary,
i.e., setting the tangential velocity to zero. This condition, which is consistent with the solution in this
particular case, is generally known to improve the stability of the numerical simulations [18], as well as to
enhance the regularity of the solution at the continuum level.
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4.2 Space-time discretization
The numerical solutions to the different problems have been computed using a monolithic (saddle-point)
formulation of the Navier-Stokes Equations. For the discretization in space, inf-sup stable Taylor-Hood
P2/P1 finite elements have been used in order to avoid the need of an additional stabilization, and
hence numerical errors dependent on the choice of the stabilizing term, while the time derivative of the
velocity is semi-discretized with a backward Euler method, treating explicitly the advective velocity in the
convection term, as well as the velocity in the stabilization terms. Moreover, for the particular choice of
spatial and temporal discretization, an additional stabilization for the convection (e.g., SUPG) was not
needed, since the numerical simulations in the reference problem remain stable in the time range of
interest.
As already mentioned above, the benchmark problem can be defined independently of the discretization
(i.e., mesh, finite element spaces or time step) and of the numerical approximation of the boundary data
(discretization of the inflow profile for the Dirichlet boundary and approximation of the load vector on the
open boundary).
4.3 Practical aspects of the benchmark setup
The numerical results have been computed following the steps detailed below. All the data needed to
compute the numerical results shown in the following sections (meshes, boundary data, and simulation
code) are available online2.
Discretization. An unstructured triangular mesh of the unit square has been generated, specifying the
mesh characteristic size h. The mesh has been created using FreeFem++.
Solution of reference problem Problem (28) has been solved with the specified inflow Dirichlet bound-
ary conditions (using FreeFem++).
Computation of boundary data With the chosen finite element spaces, the vector
Tref = (µ∂nuref − prefn)
(with n = (0,−1)) has been computed, which has to be imposed as natural boundary condition on Γin.
in Problem (29).
Notice that, using P2/P1 finite elements, Tref belongs to the space Pd1 of piecewise discontinuous
functions. However, in order to make the benchmark independent of the choice of finite element spaces
and to favor the reproducibility by different solvers (i.e., also by the solvers that require nodal values of
input boundary data), the load in Problem (29) has been defined considering the L2-projection of Tref
onto the space of piecewise continuous linear function.
Namely, we solved the linear systems defined by∫
Ω
T̂xv − µ∂yuref,xv = 0, ∀v ∈ P1∫
Ω
T̂yv − (µ∂yuref,y − prefny)v = 0, ∀v ∈ P1
(30)
2 See http://wias-berlin.de/people/caiazzo/backflow/.
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imposing then the load T̂ = (T̂x, T̂y) on Γin.
Solution of backflow problem With the vector T̂, available at all boundary nodes, Problem (29) has
been solved (using FreeFem++).















and monitoring the difference between the velocity and pressure profiles on the boundary Γin.
4.4 Numerical results for hemodynamics regime
The first set of numerical tests is carried out considering a hemodynamics regime, i.e.,
ρ = 1.06 g/cm3, µ = 0.035 Poise, ∆P = 400 bary/cm (≈ 0.3 mmHg/cm), ω = 2π rad/s.
Figure 2 shows the corresponding reference solutions for velocity and pressure at peak backflow instant
(t = 0.48 s), using a mesh characteristic size h = 0.02 cm and a time step δt = 0.005 s.
Figure 2: Reference solution (Benchmark 1, blood regime) at peak backflow (t=0.48s). Left: Mesh and
glyph vector plot of the velocity field. Right: Pressure isolines.
We consider the time interval [0,0.5 s]. Without any stabilization, oscillations appear around time t=0.2
s, eventually leading to solution blow up. A preliminary validation step consisted in using a backflow
stabilization consistent with the reference solution, and comparing the result with the reference solution
itself. For this, we solve the backflow problem using the boundary condition modified as in (11), with
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Figure 3: Benchmark 1, blood regime: Profiles of velocity (left) and pressure (right) at the inflow boundary,
using an open boundary stabilization based on a velocity penalization towards the reference velocity.
u0 = uref . The results shown in Figure 3 confirm that using a backflow stabilization consistent with the
reference solution yields accurate results.
Figures 4-5 and Figures 6-7 show the incoming flow rate and the average pressure drop, respectively,
considering the methods and parameter choices from Section 3.5. In particular, Figures 5 and 7 refer
to the results including the additional constraint on vanishing tangential velocity to zero on the open
boundary.
t [s]




























































































































































Figure 4: Benchmark 1 (full backflow), blood regime: incoming flow rate [cm2/s] over time [s].
Several important aspects concerning the performance of the different methods can be appreciated from
these pictures. Firstly, penalizing the tangential velocity improves in all cases the performances of the
methods. In particular, for the characteristic methods, this additional condition yield to a very accurate
solution, while, without it, the method does not yield to a satisfactory approximation. Secondly, the results
show how the penalization methods depend on the stabilization parameters, as well as the minimal
values allowed in order to avoid instability. We observe that in several cases, as anticipated in Section
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Figure 5: Benchmark 1 (full backflow), blood regime, penalizing the tangential velocity on the open bound-
ary: incoming flow rate [cm2/s] over time [s].
3, a stable solution can be obtained also choosing a stabilization parameter smaller than the choice
recommended in literature. Thirdly, both velocity and gradient penalizations with corrective terms resulted
to be less robust with respect to the stabilization parameters than their counterpart without any correction.
Finally, the results also allow to highlight some important similarities and differences between methods.
In particular, the velocity penalization (without corrective term) for β = 1 and β = 2, and the velocity-
pressure stabilization deliver very similar results, tending to excessively control the incoming flow after
a certain threshold (about 20 cm3/s). On the contrary, the gradient penalization methods (in particular
the tangential regularization) allow a better approximation of the flow rate also when the incoming flow
increases. However, it is worth noticing that the tangential regularization with stabilization parameter
equal to the squared Poincaré constant (denoted by TANGENTIAL REG(P) in the legends) yields results
very similar to the velocity penalization with β = 1 (both values assuring theoretical stability).
As next, we compare more in details the solution profile on the open boundary at t = 0.48 (peak
backflow). The results are shown in Figures 8-9 (normal velocity profiles) and 10-11 (pressure).
For the velocity and gradient penalizations, for the sake of clarity, only the results for selected choices are
shown. In particular, for VEL(u0, β) we consider the results for β = 1.0 (which assures stability) and for
the lowest value of β yielding stable results (β = 0.2).
For TANGENTIAL REG(γ0) we choose γ0 = 1.0 (recommended in the literature), γ0 so that γ0
h2
3 is equal
to the squared Poincaré constant of the open boundary, and the lowest value of γ0 yielding stable results
(γ0 = 0.1). Similar choices will be considered also for the the method STOKES RESIDUAL(σ0).
The results show that the velocity penalization methods are very sensitive to the corrective profile, even
decreasing the stabilization parameter. The latter, in particular, yields a flattening of the velocity profile
when the corrective profile is set to zero. For the velocity penalization based on the Stokes solution, while
the velocity profile tends to adapt to this corrective profile, one obtain very large errors in pressure. On
the contrary, in gradient penalization approaches the assumptions on the corrective profiles have less
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Figure 6: Benchmark 1 (full backflow), blood regime: average pressure drop [dyn/cm2] over time [s].
t [s]










































































































































































































































Figure 7: Benchmark 1 (full backflow), blood regime, penalizing the tangential velocity on the open bound-
ary: average pressure drop [dyn/cm2] over time [s].
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Figure 8: Benchmark 1 (full backflow), blood regime (time t = 0.48 s): Normal velocity profiles along the
open boundary [cm/s].
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Figure 9: Benchmark 1 (full backflow), blood regime, penalizing the tangential velocity on the open bound-
ary (time t = 0.48 s): Normal velocity profiles along the open boundary [cm/s].
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influence, yielding overall more accurate results.
x [cm]


































































































































































Figure 10: Benchmark 1 (full backflow), blood regime (time t = 0.48 s): Pressure profiles along the open
boundary [dyn/cm2].
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Figure 11: Benchmark 1 (full backflow), blood regime, penalizing the tangential velocity on the open
boundary (time t = 0.48 s): Pressure profiles along the open boundary [dyn/cm2].
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4.5 Numerical results for respiratory regime
The second set of numerical tests considers the respiratory regime, setting the physical parameters as
ρ = 0.0012 g/cm3, µ = 0.0001.85 Poise, ∆P = 2 bary/cm (≈ 0.0015 mmHg/cm), ω = π
2
rad/s .
Figure 12 shows the corresponding reference solutions for velocity and pressure at peak backflow in-
stants, computed with mesh characteristic size h = 0.02 cm and time step δt = 0.01 s. and t = 0.95
s.
Figure 12: Reference solution (Benchmark 1, air) at peak backflow in air regime (t=0.95 s). Left: Mesh
and glyph vector of the velocity field. Right: Pressure isolines.
As a validation of the finite element solver, we solve first the backflow problem using a velocity penaliza-
tion method (with boundary condition modified as in (11)) with u0 = uref , and the results are shown in
Figure 13.
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Figure 13: Profiles of velocity (left) and pressure (right) at the inflow boundary, using an open boundary
stabilization based on a velocity penalization towards the reference velocity (Benchmark 1, air regime).
Figures 14-15 and Figures 16-17 show the incoming flow rate and the average pressure drop, respec-
tively, considering several stabilization methods and different choices of the parameter values. In par-
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ticular, Figures 15 and 17 refer to the results including the additional constraint on vanishing tangential
velocity to zero on the open boundary.
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Figure 14: Benchmark 1 (full backflow), air regime: incoming flow rate [cm2/s] over time [s].
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Figure 15: Benchmark 1 (full backflow), air regime, penalizing the tangential velocity on the open bound-
ary: incoming flow rate [cm2/s] over time [s].
The observations made in the case of the blood flow regime are mostly confirmed in the respiratory
case. In particular, the velocity penalization methods without corrective profiles tend to limit the incoming
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flow (up to about 40 cm3/s), similarly to the case of velocity-pressure stabilization. Using a corrective
profile based on a Stokes solution allows larger incoming flow, resulting however in inaccurate pressure
drops. The gradient penalization methods deliver in general more accurate profiles, with a slightly worse
accuracy than in the blood flow regime. Finally, the results confirm that the recommended values for
β = 1, γ0 = 1, σ0 = 1 (in the respective methods) deliver stable results.
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Figure 16: Benchmark 1 (full backflow), air regime: Average pressure drop [dyn/cm2] over time [s].
The detailed normal velocity and pressure profiles at time t = 0.95 s (peak backflow) are shown for all
stabilization methods following the notation from Section 3.5 in Figures 18-19 and 20-21, respectively. As
before, for VEL(u0, β) we consider the results for β = 1.0 (which assures stability) and for the lowest
value of β yielding stable results. Similar choices have been made for TANGENTIAL REG(γ0) (choosing
γ0 = 1.0, γ0 so that γ0
h2
3 is equal to the squared Poincaré constant of the open boundary, and the
lowest value of γ0 yielding stable results) and for the method STOKES RESIDUAL(σ0).
The results confirm that the velocity penalization methods are very sensitive to the corrective profile,
even decreasing the stabilization parameter. The gradient penalization approaches deliver more accurate
profiles. However, the accuracy of the approximation is poorer than the blood flow regime. As for the
blood flow regime, the method of characteristics yield satisfactory results only including the additional
condition on vanishing tangential velocity, achieving, in this case, an accuracy similar to the tangential
regularization.
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Figure 17: Benchmark 1 (full backflow), air regime, penalizing the tangential velocity on the open bound-
ary: Average pressure drop [dyn/cm2] over time [s].
x [cm]





















































































































































































Figure 18: Benchmark 1 (full backflow), air regime (time t = 0.95 s): Normal velocity profiles along the
open boundary [cm/s].
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Figure 19: Benchmark 1 (full backflow), air regime, penalizing the tangential velocity on the open bound-
ary (time t = 0.95 s): Normal velocity profiles along the open boundary [cm/s].
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Figure 20: Benchmark 1 (full backflow), air regime (time t = 0.95 s): Pressure profiles along the open
boundary [dyn/cm2].
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Figure 21: Benchmark 1 (full backflow), air regime, penalizing the tangential velocity on the open bound-
ary (time t = 0.95 s): Pressure profiles along the open boundary [dyn/cm2].
4.6 Discussion
In this benchmark, characterized by a full flow reversal on the open boundary, the gradient-penalization
methods resulted the most accurate in both regimes, while velocity penalization failed to reproduce flow
dynamics for large backflow (without a corrective velocity profile) or yielded unphysical pressure (employ-
ing a corrective profile based on the solution of a Stokes problem).
We comment now the results in more detail for each of the methods:
 Velocity penalization approach (without correction profile). The velocity penalization produces
a flattening of the open boundary velocity profile at backflow, leading also to (small) discrepancies
in the errors in the pressure profile.
 Velocity penalization approach (with correction profile). Including a correction profile, in this
case based on a Stokes flow, yields to an increased inflow rate compared with the case without
correction, as the stabilized solution tends to match the correcting profile. Nevertheless, since this
profile is still different form the reference one, both the errors in pressure and velocity remain large.
Therefore, it is worth noticing that the results obtained with velocity penalization methods are in
general very sensitive to the correcting profile. Further tests (not shown here) showed that the
results clearly improve when the target profile is more symmetric (e.g. similar to a Womersley flow,
consistently with the findings in [25]) or when the correcting profile is taken equal to the reference
solution (see, e.g., Figures 3 and 13).
 Velocity penalization + total pressure. This methods yields similar results to the ones obtained
with velocity penalization approach without correction profile. To some extend, this has to be ex-
pected given the particular setting of the benchmark in which the velocity on the open boundary
is mostly normal, hence leading to a total pressure term similar to a velocity penalization. Note
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that, as observed in the presentation of the method, the total pressure term has been discretized
semi-implicitely in time, hence not assuring a fully discrete energy balance. In our numerical test,
this resulted in the arise of spurious oscillations when increasing the value of β (results omitted).
 Tangential derivative regularization. This method resulted in the best performing one: it has a
similar accuracy than the Stokes-residual method for the velocity but much more accurate in the
pressures in blood and air regimes, for the recommended parameter value (γ0 = 1.0). We remark
that for the theoretical stabilization parameters, both velocity and gradient penalization methods
(without correction) deliver similar results in these numerical examples.
 Stokes-residual stabilization. This method is the second best performing. One can obtain slightly
better results in terms of the velocity compared with the tangential regularization, but worse results
in terms of the pressure in the presented test cases. As mentioned in the text, it needs slightly
larger parameter values than the tangential regularization to remain stable. This may be due to the
fact that the corrective pressure gradient in the Stokes residual injects (controled) energy but the
stabilization is not able to compensate it if the parameter is not large enough. It is also remarkable
that for theoretical stabilization parameter (squared Poincaré constant) the results are much worse
than in the case of the tangential regularization.
 Characteristics. The numerical results in presence of full flow reversal, including the homoge-
neous boundary condition on the tangential velocity on the open boundary, are encouraging. How-
ever, the performance might be biased by the fact that the additional boundary condition is, in this
particular case, consistent with the reference velocity. If this constraint is not set, the method does
not deliver accurate results.
5 Benchmark 2: Channel with asymmetric stenosis
The goal of the second test is to assess and compare the stabilization methods when backflow arises on
a subset of the open boundary, e.g., in the presence of recirculation regions due to vortex propagation.
5.1 Benchmark setting
We consider the two computational domains Ω and Ωext depicted in Figure 22, describing two chan-
nels of lentghs LS and Lext with an asymmetric stenosis (obstruction). Namely, the lateral boundary is
parametrized via
ΓS,i =
(x, y) | y = ci,
straight wall︷ ︸︸ ︷
for x ∈ [0, a] ∪ [b, L],
y(x) = ci + di exp
(
1− ((x− 0.15)(x− 0.6)/ci + ε)−2
)




with a = 0.15 cm and b = 0.6 cm, and c1 = 1, d1 = −0.35 and c2 = 0, d2 = 0.25 for the upper
(i = 1) and lower (i = 2) boundary, respectively (see Figure 22 for details), and ε = 10−7. Moreover,
the length is set to L = LS = 1.5 cm for the shorter channel Ω and to L = Lext = 3.5 cm for the
extended channel Ωext.
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Figure 22: Left: The domains Ωext and Ω considered for this benchmark. Right: The shorter domain Ω
with the considered spatial discretization and the partition of the boundary.
The Navier–Stokes equations are first solved on Ωext in order to generate a reference solution, which
will be stable as long as the vortices do not reach the open boundary ΓextN . Namely, we consider the
following boundary conditions:
uref = uin on Γin,
uref = 0 on ΓS,1 ∪ ΓS,2,




Then, the benchmark problem is defined on the shorter domain Ω, applying the load computed for the
extended geometry as a Neumann boundary condition on the open boundary:
uback = uin on Γin,
uback = 0 on ΓS,1 ∪ ΓS,2,
(µ∇uback − pback1)n = (µ∇uref − pref1)n on ΓN ,
(33)
The velocity boundary data uin on the boundary Γin is given by the Womersley solution (24).
This benchmark consists then of the following two steps:
 First, the extended domain is used to generate a reference stable solution so that the vortices take
a considerable time to arrive to the open boundary ΓextN . Namely, we solve the following Navier-
Stokes problem: Find uref(t) ∈ H1(Ωext), pref(t) ∈ L2(Ωext), for all 0 < t ≤ T , and Dirichlet
boundary conditions (32)1−2 such that{
A(uref ,v)− B(pref ,v) = 0 ,
B(q,uref) = 0
(34)
for all v ∈ H10 (Ωext) and q ∈ L2(Ωext).
 Then, the benchmark problem is defined on the shorter domain, applying the load computed for the
extended geometry as a Neumann boundary condition on the open boundary: Find uback(t) ∈
H1(Ω), satisfying the Dirichlet boundary condition (27)2, pback(t) ∈ L2(Ω), for all 0 < t ≤ T ,
and Dirichlet boundary conditions (33)1−2, such that{
A(uback,v)− B(pback,v) + S(uback,v) = (µ∂nuref − prefn,v)ΓN ,
B(q,uback) = 0
(35)
for all v ∈ H10 (Ω) and q ∈ L2(Ω). Naturally, the stabilization methods detailed in Section 3.5
are applied only on ΓN .
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Remark 2. Notice that, in the setup of this benchmark, the backflow problem (33) could be also solved
using a constant pressure on ΓN , instead of the projection of the full tensor. This choice would still lead
to recirculation regions convected through the open boundary. While a constant boundary pressure is
the most common choice in applications to physiological flows, the corresponding numerical experiments
(results omitted) showed that, using this boundary condition yields a numerical solution far from the
reference one, even if the reference velocity is used as corrective term within a velocity penalization
method. Hence, applying the full tensor on the Neumann boundary allows, in the context of this study, to
perform a more detailed comparisons of the methods, avoiding additional errors due to the perturbation
of the boundary load.
5.2 Practical aspects of the benchmark setup
The numerical results have been computed following the steps detailed below. All the data needed to
compute the numerical results shown in the following sections (meshes, boundary data, and simulation
code) are available online3.
Discretization. An unstructured triangular mesh of the unit square has been generated, specifying the
mesh characteristic size h. The mesh has been created using FreeFem++.
Solution of extended (reference) problem A Navier-Stokes problem on Ωext with boundary condi-
tions (32) has been solved (using FreeFem++).
Computation of boundary data With the chosen finite element spaces, the vector
Tref = (µ∂nuref − prefn)
(where n = (0, 1) denotes the outgoing normal on ΓN) has been computed, in order to impose the
boundary condition on ΓN.
As in the previous benchmark, the load in Problem (33) has been defined considering the L2-projection
of Tref onto the space of piecewise linear function (using (30)), and applying as boundary condition
T̂ΓN .
Solution of backflow problem A Navier-Stokes problem on the shorter domain Ω and boundary con-
ditions (33) has been solved (using FreeFem++).















and, more in detail, monitoring the difference between the profiles on the inflow boundary ΓN.
3 See http://wias-berlin.de/people/caiazzo/backflow/.
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The temporal and spatial semi-discretizations are the same as for Benchmark 1 and are detailed in
Section 4.2. As already mentioned above, the benchmark problem can be defined independently of the
discretization (i.e., mesh, finite element spaces or time step) and of the numerical approximation of the
boundary data (discretization of the inflow profile for the Dirichlet boundary and approximation of the load
vector on the open boundary).
5.3 Numerical results for hemodynamics regime
The numerical tests are carried out considering a hemodynamics regime, i.e., setting the physical pa-
rameters as
ρ = 1.06 g/cm3, µ = 0.035 Poise, ∆P = 400 bary/cm (≈ 0.3 mmHg/cm), ω = 4π rad/s.
Figure 23 shows the numerical solutions in Ω for velocity and pressure at time t= 0.15 s, computed in the
extended domain Ωext (mesh characteristic size h = 0.02 cm, time step δt = 0.002 s).
Figure 23: Benchmark 2 (stenosis), blood regime. Reference solution (computed in the domain Ωext,
but visualized only in Ω) at time t=0.15 s. Left: Glyph vector of the velocity field. Right: Pressure field,
including isolines.
As done for Benchmark 1, we solve the backflow problem using a velocity penalization method with
u0 = uref , and the results are shown in Figure 24.
The curves in Figures 25 and 26 show the incoming flow rate and the average pressure drop, respectively,
considering several stabilization methods and different choices of the parameter values.
In terms of these mean quantities, the best performing approaches appear to be the VEL(0,β) followed
by the TANGENTIAL REG(γ0), which are both based on a zero corrective profile. The methods based on
non-zero correcting profiles show a rather poor performance, an aspect that could be explained by the
fact that the correcting profiles are very far from the target one. We also observe that the VEL-PRESS
methods deliver very similar results to VEL(0,β), with β = 1 and that the method of characteristics yields
a solution that oscillates around the reference one. Notice that in this benchmark we did not impose a
vanishing tangential velocity, as this condition is not consistent with the reference solution. In terms of
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Figure 24: Benchmark 2 (stenosis), blood regime. Profiles of velocity at the open boundary (left) and pres-
sure on the inlet boundary (right), using an open boundary stabilization based on a velocity penalization
towards the reference velocity.
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Figure 25: Benchmark 2 (stenosis), blood regime: incoming flow rate [cm2/s] over time [s].
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the parameter values delivering stable results, the results in Figures 25 and 26 confirm the values found
in the first benchmark.
t [s]


















































































































































































































Figure 26: Benchmark 2 (stenosis), blood regime: Average pressure drop [dyn/cm2] over time [s].
As next, the detailed normal velocity and pressure profiles are compared with the reference solution
considering two time steps (times t = 0.17 and t = 0.22). The results for the different stabilization
methods (following the notation from Section 3.5) are shown in Figures 27–28 (for t = 0.17) and Figures
29–30 (for t = 0.22).
As for the previous benchmark, for VEL(u0, β) we show the results for β = 1 and for the smallest value
of β delivering stable results. Similarly, for TANGENTIAL REG(γ0) and STOKES-RESIDUAL(σ0) we show
the results using the value of parameter assuring unconditional stability (squared Poincaré constant), the
value recommended in literature (γ0 = σ0 = 1) and the minimal values delivering stable results.
The results confirm that the best performing approaches are the ones assuming a vanishing correcting
profile. In particular, the VEL(0, β) resulted the most accurate. In particular, the superiority of this method
appears related to the fact that, although it tends to flatten the velocity profile in the backflow regions,
it introduces only a small perturbation of the outflow profile on the open boundary. In this setting where
the backflow domain changes in time, the locality of the perturbation becomes very important in order to
obtain a good solution.
In contrast, the tangential regularization achieves (at time t = 0.17 s) a better profile at backflow at
the price of slightly larger perturbations in the outflow profile, This can be explained by the fact that the
spatial derivatives used in the stabilization term introduce additional coupling of the degrees of freedom
on the open boundary. At later times, these perturbations appear to yield a wrong dynamic at later times
(t = 0.22 s), whose amount seems to depend on the choice of the parameter.
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Figure 27: Benchmark 2 (stenosis), blood regime (time t = 0.17 s): Normal velocity profiles along the
open boundary [cm/s].
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Figure 28: Benchmark 2 (stenosis), blood regime (time t = 0.17 s): Pressure profiles along the open
boundary [dyn/cm2].
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Figure 29: Benchmark 2 (stenosis), blood regime (time t = 0.22 s): Normal velocity profiles along the
open boundary [cm/s].
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Figure 30: Benchmark 2 (stenosis), blood regime (time t = 0.22 s): Pressure profiles along the open
boundary [dyn/cm2].
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5.4 Numerical results for respiratory regime
The second set of numerical tests considers the respiratory regime, setting the physical parameters as
ρ = 0.0012 g/cm3, µ = 0.0001.85 Poise,
∆P = 2 bary/cm (≈ 0.0015 mmHg/cm), ω = π
2
rad/s ., R = 1.5 cm
Figure 31 shows the corresponding reference solutions for velocity and pressure at peak backflow in-
stants, computed with mesh characteristic size h = 0.015 cm and time step δt = 0.005 s.
Figure 31: Benchmark 2 (stenosis), air regime. Reference solution at t=0.20 s. Left: Mesh and glyph
vector of the velocity field. Right: Pressure isolines.
As a validation of the finite element solver, we solve first the backflow problem using a velocity penaliza-
tion method with u0 = uref , and the results are shown in Figure 32.
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Figure 32: Profiles of velocity (left) and pressure (right) at the inflow boundary (t = 0.20 s), using an
open boundary stabilization consistent with the reference velocity (Benchmark 2, air regime).
The curves in Figures 33 and 34 show the incoming flow rate and the average pressure drop, respectively,
considering several stabilization methods and different choices of the parameter values.
All the methods, except the method of characteristics, deliver acceptable solution. In particular, the values
of incoming flows remain close to the reference curve, while pressure drops are very accurately repro-
duced. In particular, it shall also be appreciated that, in this regime, the results of the methods (in terms
of mean quantities) appears to be less sensible to the stabilization parameters.
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Figure 33: Benchmark 2 (stenosis), air regime: incoming flow rate [cm2/s] over time [s].
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Figure 34: Benchmark 2 (stenosis), air regime: Average pressure drop [dyn/cm2] over time [s].
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Figure 35: Benchmark 2 (stenosis), air regime (time t = 0.20 s): Normal velocity profiles along the open
boundary [cm/s].
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Figure 36: Benchmark 2 (stenosis), air regime (time t = 0.20 s): Pressure profiles along the open
boundary [dyn/cm2].
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In order to provide a more detailed picture of the performance, the detailed normal velocity and pressure
profiles at times t = 0.15 and t = 0.20 are shown, following the notation from Section 3.5, in Figures
35–38. As in the previous cases, for the penalization methods only selected curves are shown, focusing
on the parameters assuring stability, the values recommended in literature, and on the minimal values
delivering stable results. The results are considerably more accurate than in the blood regime. In par-
ticular, the tangential regularization yields the most accurate results at both considered time steps, by
providing a good approximation of the velocity profile in the backflow parts of the open boundary and
avoiding spurious oscillations in the pressure profile.
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Figure 37: Benchmark 2 (stenosis), air regime (time t = 0.25 s): Normal velocity profiles along the open
boundary [cm/s].
DOI 10.20347/WIAS.PREPRINT. Berlin 2017
C. Bertoglio, A. Caiazzo, Y. Bazilevs, M. Braack, M. Esmaily-Moghadam, V. Gravemeier, A. L. Marsden,
O. Pironneau, I. E. Vignon-Clementel, W. A. Wall 37
x [cm]








































































































































































Figure 38: Benchmark 2 (stenosis), air regime (time t = 0.25 s): Pressure profiles along the open
boundary [dyn/cm2].
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5.5 Discussion
In the case of a vortex shield, when the backflow is limited to a (time dependent) subset of the open
boundary, the velocity penalization methods appear to deliver better overall results in blood flow regime,
while in air regime all methods perform satisfactorily, with a slight better performance obtained with the
tangential regularization methods.
The results for each considered method are commented in more detail below.
 Velocity penalization approach (without correction profile). This method achieved good re-
sults in presence of moderate backflow and recirculation in both hemodynamic and respiratory
regimes. In fact, although the velocity penalization tends to flatten the incoming velocity profile, it
induces only a minimal perturbation in the remaining (outflow) field.
 Velocity penalization approach (with correction profile). Including a correction profile (in the
considered cases, based on a Stokes flow), the velocity penalization does not improve. In contrast,
it becomes notably worse in blood flow regime, while it almost has not influence in air regime. How-
ever, it shall be observed that when the reference velocity is used within the velocity-penalization
method, the approach is able to deliver very accurate results. Hence, it is to be expected that
providing a better corrective profile would lead to more accurate results. On the other hand, in the
presence of complex flows an assessment a priori of the profile shape could become prohibitive.
 Velocity penalization + total pressure. As observed in the first benchmark, the results obtained
with this methods are very similar to the ones obtained with velocity penalization approach without
correction profile.
 Tangential derivative regularization. The tangential regularization resulted the most accurate
method in reproducing the pressure profile in both regimes, while being the second accurate for
the velocity profile after velocity penalization methods. It shall be notice that, in blood regime, it
yields to perturbations in the velocity profile also on the outflow part of the boundary, which might
be due to the fact that this approach acts on the derivatives of the velocity.
 Stokes-residual stabilization. In air regime this method turn to give similar results than the tan-
gential regularization, but the results appear to be affected by oscillations that affect the precision.
In blood regime the tangential regularization clearly outperforms the Stokes-residual regulariza-
tion, while in air regime the results are closer. This suggest the choice of the former one for open
boundaries where local recirculation is expected.
 Characteristics. Although the method delivers stable results, the velocity field during backflow
resulted affected by large errors, for both blood and air regimes.
6 Conclusions
This manuscript presents a detailed comparison of different strategies for the numerical solution of the
incompressible Navier–Stokes Equations in presence of incoming flow (backflow) at open boundaries,
with the particular focus on physiological flows. Although there have been recently several reports on
this topic, reference problems for the assessment of stabilization methods are not available yet and
comparisons of all (or at least most of) the treatments have been missing until the present work. Hence,
the first goal of this study has been to construct suitable benchmark problems. In particular, we defined
two different setups:
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 full backflow (i.e., backflow over the entire open boundary), and
 local backflow (i.e., due to the convection of vortices downstream).
Since the main interest of the study lies in the numerical simulation of physiological flows, both blood-
and airflow regimes for each of the benchmark setups have been considered. In the different cases, we
generated a reference solution not affected by backflow instabilities, and we compared it against several
formulations including backflow treatment.
This work considers several approaches reported in the literature (including stabilization techniques and
the method of characteristics) and, up to date, it represents the most detailed and complete bench-
marking available in this context. Moreover, the different methodologies have been briefly described,
overviewing their main properties, in order to highlight the similarities and the main differences among
the methods. The numerical results suggest that the most accurate methods in case of full reversal back-
flow are the ones based on penalization of the tangential derivatives, with a slight advantage for the
Stokes-residual stabilization over the tangential regularization technique. This is consistent with compar-
isons presented in [8] for Womersley flows.
In the case with local backflow (i.e. with vortices), in blood flow regime the most accurate approaches
are velocity penalization methods without any correction profile, since they affect mainly the regions with
backflow leaving the outflow part rather unperturbed. In respiratory regime, all methods deliver satis-
factory results, with a slight advantage of the tangential regularization. It is worth noticing that both the
velocity penalization without corrective profile and the tangential regularization fits naturally within a finite
element framework. These outcomes are part of the main results of this work, since detailed comparisons
of these methods are not available in the literature.
The ultimate goal of this study is to set the basis for a backflow-benchmark database, with several test
cases dedicated to backflow treatment. On the one hand, this will help the interested scientist to under-
stand the different performances, in different settings, of the existing methods. On the other hand, this
database will also provide the community with a set of tests for quickly assessing and comparing new
proposed methods against the state of the art.
In line with this view, the considered approaches have been implemented in FreeFem++ [22] and all the
data needed to carry out the simulation of the test problems (meshes – including mesh generator code –,
boundary data, scripts) are available online. In the future, the extension to three-dimensional benchmarks
will be considered, as well as the usage of other open source packages (e.g., Fenics [1]). By including
new problems and new methods, the benchmark database will thus become a tool of utmost importance
for the developments of numerical methods also in other fields of applications.
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